that such differential operators enjoy the following strong minimum and boundary point principles: A nonconstant, twice differentiate function u(x), satisfying Lu^O in D, cannot attain a local minimum in D. Moreover if u attains a local minimum at a boundary point x° where dD has the inner sphere property, and if v is a unit vector directed internally to the sphere, then
Equivalently, the boundary point principle states that for ||#~-a; 0 || sufficiently small there exists a positive constant m (depending upon v) such that u(x) è u(x*) + fn\\x-x°\\ along the line x*+tv. In this note we wish to obtain, for the case of a plane domain (w = 2), an analogous lower bound for the approach of u{x) to a minimum occurring on the boundary when the inner sphere property is replaced by an inner cone (sector) property. The proof is based upon a comparison with a barrier function which has recently been obtained [5] for the class £> a in a plane sector with the aid of elliptic extremal operators [6] . Our result is the best possible for the class of differential operators £ a and moreover shows explicitly the dependence upon the ellipticity constant a.
2. We shall first describe our barrier function for the plane sector PROOF. Since the class £ a is invariant under translation or rotation of coordinates there is no loss of generality in assuming P 0 to be the origin and the axis of S to be the x-axis so that r, 0 become the usual polar coordinates.
By the hypotheses there exists an R > 0 such that u ^ u 0 in [5(0 O ) ]"" C\ {r^P}. Since u(x t y) is not identically constant we conclude from the strong minimum principle, the boundary point principle, and the property (2.3) (d) that (2) Note that /x=l for 0 o = 7r/2, M>1 for 0 0 <TT/2, and /x<l for 0o>7r/2. Thus for 0 o = 7r/2 our result coincides with that of the boundary point principle. When 0 o <7r/2 the difference quotient (u-u 0 )/r may tend to zero when r->0, as is well known for domains without the inner sphere property. Note however that for 0 o >7r/2 this difference quotient is unbounded as r->0 so that the theorem implies that no interior directional derivative can exist at a local minimum occurring at the vertex of an obtuse angle. Let a fixed e>0 be given and denote by 0* the corresponding neighborhood of P 0 in which (bl+bl) ll2^e /r. Using again the minimizing operator relative to the class £ a it may be shown that there exists a function T € (0), with properties similar to those of (2.3) (c) and (d), such that z/ € = /"*+« r«(0) is a barrier for Z* in 5PiQ*. It follows that our theorem may be extended to the operator Z,*, with the conclusion (3.1) replaced by (4.1) u(x, y) è Uo + W + «T e (0) in S C\ Q.
The results (3.1) or (4.1) are also valid for the operators L+c or L*+c, respectively, if c^O in a neighborhood of P 0 , provided that we assume that the minimum value u 0 is negative. (u 0^0 is sufficient if in addition the growth of | c\ is suitably limited near P 0 ; e.g., if c is bounded below.) where M and C are defined by (2.1) and (2.2). Note that if 6 0 >T/2 then (5.3) yields a contradiction since /x<l. As a result we may state: A nonconstant minimal surface with bounded gradient cannot attain a local minimum at the vertex of an obtuse angle.
